Experiments on ultra-cold attractive Bose-Einstein Condensates (BECs) have demonstrated that at low dimensions atomic clouds can form localized objects, propagating for long times without significant changes in their shapes and attributed to bright matter-wave solitons, which are coherent objects. We consider the dynamics of bright soliton trains from the perspective of many-boson physics. The fate of matter-wave soliton trains is actually to quickly loose their coherence and become macroscopically fragmented BECs. The death of the coherent matter-wave soliton trains gives birth to fragmented objects, whose quantum properties and experimental signatures differ substantially from what is currently assumed.
Solitons are common wave-packet phenomena in many areas of science and engineering [1, 2] . Such localized structures can form when a wave-packet's dispersion is compensated by self-focusing (attractive) forces. In this context, the physics of low-dimensional attractive Bose-Einstein condensates (BECs) has attracted much attention [3] [4] [5] [6] [7] [8] [9] [10] . The similarity between the Gross-Pitaevskii (GP) equation [11, 12] commonly used to describe these ultra-cold quantum systems and the non-linear Schrödinger equation used in optics [2] to characterize self-focusing of light has encouraged the transfer of ideas, phenomena, and understanding from optics to ultra-cold atomic physics. Particularly, bright matter-wave solitons have been predicted to occur in low-dimensional attractive Bose gases [3, 4] , stimulating the recent experiments [5, 6] .
Very often, along with a single soliton, multi-hump matter-wave structures propagating for long times without significant changes in their shapes have been observed. Since the GP equation supports localized multi-hump solutions as excited states, the experimentally observed multi-hump structures have been attributed to soliton trains, which are coherent objects. This is the current widely accepted interpretation in the literature. Nowadays the GP equation (i.e., the non-linear Schrödinger equation) is the cornerstone of studying soliton trains in attractive BECs.
It is important to remember, however, that ultra-cold attractive BECs are quantum manyparticle systems, governed by the many-boson Schrödinger equation. Hence, we consider in this work the dynamics of bright soliton trains from the perspective of many-boson physics.
As we shall show the fate of matter-wave soliton trains is to quickly loose their coherence and become macroscopically fragmented BECs [13] [14] [15] . The death of the coherent matter-wave soliton trains gives birth to fragmented objects, whose quantum properties and experimental signatures differ substantially from what is currently assumed.
Our starting point is the GP dynamics − of a soliton train with two humps (briefly, two-hump soliton). We consider in this work N = 2000 bosons in one dimension and attractive inter-particle interaction of strength λ 0 = −0.002. For convenience, we use dimensionless quantities which are readily arrived at by dividing the dimension-full Hamiltonian by 2 mL 2 , where m is the mass of a boson and L is a length scale. The corresponding dimension-full quantities are within range of current experimental setups and discussed below. As an initial profile (shape) of the two-hump soliton we take the commonly used linear combination of sech-shaped functions:
where N is the normalization factor. The "+" refers to a 0-phase symmetric and the "-" to a π-phase anti-symmetric soliton train. The parameter γ is inversely proportional to the width of the humps. By assuming a large separation between humps, one gets by minimizing the GP energy functional the optimal value of γ = |λ 0 |(N − 1)/4 ≈ 1.0.
The time-dependent density ρ(x, t) obtained by solving the time-dependent GP equation for different two-hump solitons is plotted in Fig. 1 . In the left upper panel, Fig. 1a whether the inter-hump interaction is attractive or repulsive, and (ii) the magnitude of the inter-hump interaction depends on the separation between the humps.
We remind the reader that GP theory is a mean-field approximation to the quantum many-boson problem which assumes all bosons to occupy one and the same quantum state throughout the system's evolution in time. What happens if we relax the constraint of the attractive system to occupy a single quantum state? In other words, we allow the system to choose according to the variational principle its evolution in time by solving now the time-dependent many-boson Schrödinger equation i
It is possible nowadays to go significantly beyond meanfield and compute the dynamics of BECs on the many-body level, by solving the timedependent many-boson Schrödinger equation with the multiconfigurational time-dependent Hartree method for bosons, see the literature for details [16, 17] and applications [18, 19] .
Is the dynamics of soliton trains described above to change in a dramatic manner?
We take as initial conditions the same 0-phase symmetric and π-phase anti-symmetric soliton trains as in the above GP studies and propagate them now not on the mean-field but on the many-body level. The time-dependent density ρ(x, t) obtained at the many-body level is plotted in the right panels of Fig. 1 . The first observation is that the initially-localized wave-packets remain localized at the many-body level of the description as well. Hence, localization is indeed a characteristic dynamical feature of attractive bosonic clouds in one dimension, as predicted at the GP level and confirmed here at the many-body level. The many-body results, however, reveal different dynamics than the mean-field ones, compare the left and right panels of Fig. 1 . In the right upper panel, Fig. 1d , we depict the manybody dynamics of the initially-prepared 0-phase symmetric wave-packet. The two separated humps start to attract each other, similarly to the mean-field dynamics, but do not come close enough to collide, as it is in the GP case, Fig. 1a . Instead of the full collision the sub-clouds reach a minimal separation and then they start to depart from each other. This observation reveals, thereby, a repulsive character of the inter-hump interaction. So, during the many-body dynamics the interaction between the humps of the initially-prepared 0-phase symmetric wave-packet changes from attractive to repulsive and stays repulsive afterwards.
The many-body dynamics of the initially-prepared π-phase anti-symmetric wave-packet is shown on the right middle panel, Fig. 1e . Due to the larger separation between the two humps, the spatial density profiles obtained at the many-body and GP levels are indeed very close to each other. The weak repulsive interaction between the humps persists at the many-body level as well. The right lower panel, Fig. 1f , shows the density profile for the 0-phase asymmetric wave-packet constructed, as above, from two functions of slightly different widths. The dynamics obtained at the many-body level for the initially-prepared 0-phase asymmetric wave-packet has a lot in common with the respective many-body dynamics obtained for the initially-prepared 0-phase symmetric wave-packet, compare panel Fig. 1d and Fig. 1f . The sub-clouds start to attract each other and approach some minimal distance, and then the inter-hump interaction becomes of repulsive character. Summarizing, the many-body dynamics shows that irrespective to the phase between initially-prepared humps, after some time the inter-hump interaction changes its nature and becomes repulsive.
This conclusion is general and has been checked for various initially-prepared symmetric and asymmetric wave-packets with different phases. This behavior is in accord with the experi-mental observation that the inter-hump interactions in low-dimensional attractive Bose gases are indeed repulsive. For more analysis of the inter-hump forces see [20] .
The differences between the GP dynamics leading to bright soliton trains and the respective many-body dynamics collected in Fig. 1 show that bright soliton trains in onedimensional BECs undergo changes in time. We shall see below that these changes are fundamental and dramatic. To get a deeper insight into the physics behind the intriguing many-body results, we examine further the quantum nature of the attractive bosons.
First, we perform the natural orbital analysis of the propagating wave-packets at every point of the propagation time by constructing and diagonalizing the reduced onebody density matrix. The reduced one-body density matrix of the system is given by The π-phase soliton loses its coherence monotonously and lives a bit longer -it becomes fragmented at t ≈ 54 (see right upper panel of Fig. 2 ). We stress that the changes in the physics are dramatic despite the large separation between the density humps (see Fig. 1e ).
The lifetime of the 0-phase asymmetric soliton (not shown) discussed above and in Fig. 1 is also t ≈ 30. We have also found out that increasing the number of atoms in the system and keeping the GP parameter λ 0 N fixed, the lifetime of the soliton trains decreases, i.e., the lifetime of the initially-prepared coherent objects becomes even shorter [20] . The conclusions are that initially coherent two-hump wave-packets become two-fold fragmented with time, and that the resulting coherence lifetime of the two-hump solitons is finite and ultrashort.
We have performed similar many-body propagations of initially coherent three-hump and four-hump soliton trains and found that the dynamics leads to the formation of three-fold and four-fold fragmented many-body states, respectively. Summarizing, the death of multihump soliton trains is a generic rapid inevitable feature of the many-body dynamics of attractive bosons in one dimension, and gives birth to a potentially interesting object like We have shown so far the death of soliton trains as an emerging many-body phenomenon in one dimensional attractive BECs. It is important to discuss how can it be resolved experimentally. Looking at Fig. 1 we recall that on the many-body level the multi-boson attractive wave-packets remain localized objects in real space. This observation, together with the fragmentation of the reduced one-body density matrix, suggest to look for signatures in the correlation functions, both in coordinate and momentum space, which is done in Fig. 3 .
The first-order correlation function in coordinate space We are grateful to K. 
Supplemental Material
Forces between density humps in attractive objects
The time-dependent densities of the evolving initially-prepared bright soliton trains shown in Fig. 1 The energy of the Fock state |n 1 , n 2 is given as the expectation value of the Hamiltonian E(γ, x 0 , n 1 , n 2 ) = n 1 , n 2 |Ĥ|n 1 , n 2 and depends on the parameters γ (inversely proportional to the width of the density humps) and x 0 (half the separation between the density humps), and on the relative occupation numbers n 1 and n 2 (n 1 + n 2 = N). By taking the derivative
one immediately arrives at the inter-hump force F (γ, x 0 , n 1 , n 2 ). The full expression is quite lengthy, but in the large x 0 γ > 2 limit, i.e., when the humps are well separated from each other, we can prescribe an asymptotic analytical force in the lowest order:
For pure condensed states, i.e., when n 1 = N, n 2 = 0 or n 1 = 0, n 2 = N with the optimal width γ GP = λ 0 (N − 1)/4, this general expression takes on a very simple form (see in this respect Ref.
[S2]):
where the "-" corresponds to the 0-phase symmetric and the "+" to the π-phase antisymmetric two-hump soliton. The damping exponent originates from the residual overlap between the left and right sub-clouds.
In Fig. S1 we plot the full inter-hump forces and their asymptotic expansions given in Eqs. (S1,S2) as a function of the inter-hump separation 2x 0 for the system of N = 2000 bosons and λ 0 = −0.002 discussed in the main text. In the one limiting case, n 1 = N, n 2 = 0, the force between the density humps of the 0-phase symmetric soliton train is negative, i.e., attractive. In the other limit, n 1 = 0, n 2 = N, the force between the density humps of the π-phase anti-symmetric soliton train is positive, i.e., repulsive. For the pure fragmenton |N/2, N/2 this force vanishes asymptotically, because of the (n 1 − n 2 ) prefactor in Eq. (S1).
This fact allows us to predict that the inter-hump interaction in the fragmented states is always weaker than in the respective two-hump coherent soliton trains. Interestingly, the residual interaction for the pure fragmenton at a large but not yet asymptotic separation is, nevertheless, repulsive. By going from one limit to another, i.e., by transferring the bosons, say, from the 0-phase symmetric to the π-phase anti-symmetric natural orbital, we see that the character of the interaction gradually changes from attractive to repulsive.
Lifetime of two-hump matter-wave soliton trains
In the present section we would like to investigate the scaling of the lifetime of two-hump solition trains with the number of bosons N in the system. We concentrate on the 0-phase Fig. 2) , we see that up to this time the system remains at least 90% condensed. For times longer than just about t ≈ 15, the many-body momentum distribution almost suddenly becomes "blared", in sharp contrast to the GP results. This is yet another signature of the fragmentation of the system. The "blared" momentum distribution pattern can be anticipated by "interfering" the momentum distributions carrying the two delocalized even and odd natural orbitals of the fragmented system (see in this respect the left lower panel of Fig. 2) . Similarly, the many-body momentum distribution of the initially-prepared π-phase anti-symmetric wave-packet, Fig. S3e , and the many-body momentum distribution of the initially-prepared 0-phase asymmetric wave-packet, Fig. S3f , quickly become "blared", when fragmentation sets it. We stress that, despite the large separation between the density humps of the π-phase anti-symmetric wave-packet (see Fig. 1e ), the changes in the physics are dramatic.
Summarizing, the momentum distribution of low-dimensional attractive systems initiallyprepared as (condensed and coherent) soliton trains quickly loose their contrast and become essentially single-peaked and "blared". This consequence and fingerprint of fragmentation should be amenable to experimental detection, and is far better and straightforward indicator of fragmentation than the monitoring of localization in coordinate space.
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